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1. INTRODUCTION 
Let ( W, S) be a Coxeter system of type H,. In this paper, the left and 
two-sided cells of W are determined. Since W is not crystallographic, 
methods depending on the theory of primitive ideals of enveloping algebras 
or local intersection cohomology of Schubert varieties could not be used. 
Instead, the present investigation started with a calculation of the 
KazhdanLusztig polynomials P,,,,,. for ( W, S). This calculation is described 
in Section 2. The main results of this paper appear in Section 3. The left 
and two-sided cells are explicitly constructed from certain easily described 
subsets of W (Theorem 3. I ). Several properties of the left and two-sided 
cells are established. These properties have been proved in certain 
crystallographic cases by Lusztig (see the references below). 
The author would like to thank George Lusztig for suggesting this 
problem, and for several helpful discussions. 
2. PRELIMINARIES 
Let ( W, S) be an arbitrary Coxeter system, with standard partial order 
< and length function I: W+ N. For WE W, set L(W)= {SES / SW< w} 
and R(\c)= {SES 1 M’S < III}. Let H be the Hecke algebra of ( W, S) over a 
field K containing ?A’[&], x u an indeterminate, with standard basis 
IT,, 1 N’E W}. In [3], Kazhdan and Lusztig define a special basis 
{C,,. 1 WE W} for H, 
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where the P,.,, E Z[u] satisfy P ?,,, =0 unless y 6 w, P,,,,. = 1, and 
deg P,.,,, < $(I(M’) - I(y) - 1) if y < w. In the same paper, Kazhdan and 
Lusztig define several relations on W: 
I’ < 11’ if JJ < M’, 1(w) - I(y) is odd, and deg P,.,,,. = 
+(l(w) -1(y) - 1 ), 
J’ - II if J-C )I’ or ~v<.v, 
1’ d ,. It’ if there is a sequence y = x0, x ,,..., x, = MJ with 
X-X,, , and L(x,) @ L(x,+,) (Odi<n), 
y < LK N’ if there is a sequence y = x0, x ,,..., X, = u’ with 
x, < L x, + , or xi ’ d L x,+‘, (Odi<n). 
The relation 6 L is a preorder on W, whose equivalence classes are the left 
cells of W. That is, y and M? are in the same left cell if and only if 
r d L ii’ 6 L I’. The two-sided cells of W are defined in a similar way, with 
the preorder 6 rR replacing < L. The left and two-sided cells of Iinite Weyl 
groups have deep connections with the representation theory of reductive 
groups over finite fields (see Lusztig [6]). The left and two-sided cells of 
affine Weyl groups have applications in the representation theory of 
semisimple p-adic groups. 
If y < iv, then p( y, M’) denotes the coefficient of u (1!2)(((b1’) I(?‘)F I) in p, ,~. 
Thus p( ,v, IV) is a nonzero integer whenever y < u’. The following two for- 
mulas (see 2.3g and 2.2~ of Kazhdan and Lusztig [3]) will be needed: if 
s E L( &v), then 
p,.,,. = p,,.,,. if .74W), (1) 
P,:,, = P, ,,,(,, + UP ,l,SM - c p(z, SW) U(“*)(‘(“” ‘(=y.: if sEL(y). (2) 
; < ., II’ 
.>; c z 
It is known that Pj.,,l. # 0 when 4’ 6 in. If y < UJ, then formula (1) and the 
identity P,,,, = P,. I,,~,~, show that P,.,,,. = P, ,,,, for some pair x < w with 
L(,v) c L(x) and R(w) E R(x). We call such a pair x d w a reduced pair. 
Formula (2) gives a method for expressing P,~,. in terms of the P.,..,., with 
I( w’) < I(w). 
Now, assume ( W, S) has type H,. In this case there are 75,539,433 pairs 
y < M’. However, if we count only one of the pairs x < w, x ml < w i when 
W#W’, there are only 2,348,942 reduced pairs x < w. The calculation of 
the P,.,,. was carried out on a computer: they will not appear here. It is 
interesting to note that the coefficients of each P,.,,,. are nonnegative 
integers. This confirms a conjecture of Kazhdan and Lusztig [3] in 
type Ha. 
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3. MAIN RESULTS 
For the remainder of this paper, ( W, S) will be of type H4. We assume 
the set of generators S= {a, h, C, d} is ordered in such a way that 
(ah)‘= (ac)‘= (ad)‘= (bc)’ 
= (bd)2= (cd)S= 1. 
For JsS, let R,= {PVE W 1 R(w)= J}. For XG W, define A’* = rv,,X, 
where rv,, is the longest element of W. We write X+ Y + ..., to indicate the 
union of disjoint subsets A’, Y ,..., of W. 
We shall now construct certain subsets of W from the subsets R,,, JC S. 
First. define 
A,=R,,,,nR,dchdcd, A,=A,d, A,=A,c, A,=A,b, 
A,=A,d=A,*, A,=A,h=A:, A,=A,c=A:, A,=A,d=A:, 
A,=(R <,<<, nR .cdch)-R,,,.bdc, A,,=A,h, A,,=A,,c, A,,=A,,d, 
A,,=A,zc, A,,=AT,, A,,=AT,, A,,=AT,, A,,=A&,, A,,=A,*, 
A 19 = R,.,) - (R,,cdch u Ruhc hadc u R,,,,,acbd), A,, = A Tg, 
A21=Rh~-(R,cduRoh~auR,,,acdcvR,,.dhc), A,,=A,,a, 
A,,=A%, A,,=A:,. 
Put A = i,, A,. 
Next, define 
B, = Rcdn R, cd&, B2=Blh, B,=B,c, B,=B,a, B,=B,a, 
B, = B,d, B,= B,h, B, = B,d, Bg = B,c, B,, = B,d 
B,, = B,c, B,2 = B,,c, B,,=B,,b, B,,=B,zb, B,,=B,,d, 
B,e=Bwdr B,,=B,sc, B,,=B,ec, B,,=B,,b, B,,=Blsb, 
B2, = Btxd b2 = B,,a, 43 = B,,a, B,, = B,,d, B,, = B,,d, 
B2, = B,,c, 4, = kc, B2, = Bx 4 B,, = B,, b, B,, = B2, d, 
B,, = B,,d> B,, = 4, c, B,, = B,,d, B,, = B,,c, B,, = B,,b, 
B,, = B,,a. 
Set B=U B,. 
The equation 
&,cin R,bcdc= A,,+ B,,+ C, 
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determines a subset C, of W. Define 
c,=c,c, C3=C2b, C4 = C,d, C,=C3d, c, = c,c, 
c,=c,c, C,=C,b, C, = C,b, C,o = C,d, c,, = C,a, 
C,, = C,a, C,, = Gd, C,, = Cud, C,s = C,,c, C,, = C,c,c, 
C,,= C,,d, C,x=C,hbr C,,= Cd, Cm= C,,d, C,, =Cx,c, 
C,, = C,, d, Cz3 = C12c, C,, = C13 b, C25 = C,,a. 
Put c=u c,. 
The subsets D, , D,, D3 are determined by the equations 
R,~=B:+Azo+B,+B22+C,,+D,r 
R,,.nR,dcd=A,+B,,+B,,+C,+C,+D,, 
(R,,. n R,adcd) - R,b = B,, + C,, + D,. 
Define 
D, = D2d, D, = D,d, D, = D,c, D, = D,c, D, = D6d, 
D, = D,b, D,o=&d, D,, = 44, D,,=D,,c, D,,=D,zd, 
D,, = D,,c, D,,=D,,b, D,,=D,,a. 
Set D = IJ D,. 
The subsets El, E,, E, are determined by the equations 
R<,,=E:+D,*+D~,+C:+C&+C;o+B~+B,*+B~6+BB,*, 
+ BT,+A,+A,,+A,,+A2*+B5+B,,+B,Z+B,7 
+ B*~+B~,+CZ+C~+C,Z+C,~+D~+D~+E,, 
Rm/=D,*+C~+C,*+B:+B~,+B,*+AA,+A,,+A,, 
+ B,+B,+B,,+B,,+B,,+C4+C,4+C,9 
+ D,+D,,+&, 
R,,nR,bcdc=B,,$C,,+D,,+E,. 
Put 
Eh=E,b, Es=E,c, E,=E,d, E,=E,c, E,=E,b, &=E,a 
and set E= u E,. 
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The subsets F, , F2, F,, F4 of W are given by 
R,,=B,,+C,,+D,6+Eg+F,, 
R, = A ,x + B,, + B,, + B,, + B,, + C, + C,* + C,, + Dg 
+ D,,+E,+E,+F,, 
R,=C:+B~~+A,+A,~+B~+B,~+B~~+B~~+B~~+C, 
+ C,,+c,,+c,,+D,+D,,+D,,+E,+E,+F,, 
R,, = A, + B2, + B,, + B,, + C,, + C,, + C,, + D, 
+ D,,+E,+F,. 
We define F= U F,. 
Finally, define G = G, = R, = { 1 f. 
After the polynomials P,.,,,. were calculated, a computer was used to 
determine the relations < L and < , LR on W. An analysis of these preorders 
gives the following 
THEOREM 3.1. (1) The left cells cf W are the subsets A,, Bi, B,*, C,, 
C$, D,, D,*, Ei, E,*, F,, FT, G, , G y . There are 206 Ic$ cells. 
(2) The two-sided cells of‘ W are the subsets A = A*, B, B*, C, C*, D, 
D*, E, E*, F, F*, G, G*. 
A decomposition of R, into left cells has been given above for J= a, 
{a}, {h}, {L.}, {d}, {a, b}, {a, c}, {a, d}. Since Rf= R,-,, we have thus 
determined which set R,, JE S, contains any given left cell of W. 
As a by-product of our analysis of the preorders < r and d LR, we have 
the following two results, which have been proved by Lusztig in the case of 
finite Weyl groups [6, 5.2(iii ), 4, 4.11). 
COROLLARY 3.2. Jf M-‘E W, rhen M’ and w ’ ure contained in the same 
two-sided cell of W. 
COROLLARY 3.3. If y and w are in the same two-sided cell of W and 
y < L w, then y and w ure in the same left cell of W. 
Note that the proof of Theorem 3.1 of Lusztig [4] can now be carried 
through in type H,. In particular, there is a canonical isomorphism of 
K-algebras H % KW. 
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Now, let r be a left cell of W, and let bi’ E r. Define 
Z+(f)= 1 KC,, I (f)= c KC,, 
.I s L II 1 SL” 
I 4 I- 
M(T)= r+(f)/1 (r). 
Then I+(f) and I- (r) are left ideals of H, so M(r) is an H-module 
(Kazhdan and Lusztig [3]). We have the following 
PROPOSITION 3.4. Zf I-,, r2 are left cells of w, then 
dim, Hom,(M(T,), M(f,)) = II-, n l-y ‘1. 
Proof: Lusztig has proved the corresponding result for finite Weyl 
groups: see [6, 12.151. In view of Corollaries 3.2 and 3.3, the same proof 
applies in the present case with no essential changes. (Note that [6, 5.1.143 
remains valid in type H,, since it is known that ~(y, w) > 0 whenever 
J < kc.) This completes the proof of 3.4. 
To simplify the discussion below, we assume K= Q($, A) for the 
remainder of this paper. By Alvis and Lusztig [ 11, K is a splitting field 
for H. 
Let f be a left cell of W. The images of the C,. (y E f) form a K-basis for 
M(T) which gives rise to the natural W-graph for M( ZJ (Kazhdan and 
Lusztig 131). If u is the vertex of this W-graph corresponding to C,. (y E I), 
then I,, = L(y). Let Pi be the matrix representation of H afforded by the 
W-graph of M(T). The entries of pr( T,, ) (w E W) are polynomials in & 
with integer coefficients. For M’ E W, let pr,,(u’) be the matrix obtained from 
p,.( T,,.) when & is replaced by 1. Then pr., is a matrix representation 
of w. 
In [S], Lusztig defines the cells of a finite Coxeter group: these are cer- 
tain (possibly reducible) representations of the group. The characters of the 
cells in type H, are given in Alvis and Lusztig [l] (with one misprint, 
which is corrected below). The following result confirms, in type H,, a con- 
jecture of Lusztig [S]. 
PROPOSITION 3.5. The cells of W are (up to equivalence) the represen- 
tations pr,, corresponding to the left cells of W. 
Prooj Let x, (1 < i 6 34) be the irreducible characters of W, ordered as 
in Grove [2). For each i, let Mi be a simple H-module corresponding to xi 
under the specialization $+-+ 1. Each Mi is given by a W-graph in [ 11. 
Suppose M is an arbitrary H-module. For Js S, let n,(M) be the number 
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of vertices u in a W-graph affording M which satisfy I, = J. (It is easy to see 
that n,(M) is independent of the choice of W-graph for M.) Then 
c m;(M) n,(M;) = n,(M) (JE S), 
where m,(M) is the multiplicity of Mj in M. Also, 
c m,(M)* = dim. End,(M). 
Now, let r be a left cell of W. Taking A4 = M(T) and mi = m;(M(T)), we 
have 
~m,n,(M;)=~{wEr~ L(w)=J}l (JGS). (3) 
Also. 
by 3.4. A case by case check shows that (3) and (4) uniquely determine the 
multiplicities mj = m,(M(r)). We illustrate this with two examples. 
First, suppose r= F, . The elements of F, are a, ba, cba, dcba, cdcba, 
bcdcba, abcdcba and dcdcba. Thus equations (3) take the form 
if “’ F ” 
otherwtse. 
Also, Z, mf = 2 by (4). The numbers n,(M,) may be read from the 
W-graphs in [ 11. It follows that m3 = m5 = 1, and mi = 0 when i # 3, 5. 
Next, consider the case r= A,. Taking J= (a, b, c} in (3) gives 
C mrncrbC(Mi) = 14. 
I 
By (4), xi mf = 14. Also, xi nubC(Mi)* = 14. It follows that mi = nobC(Mi) for 
each i. 
The cases for the other left cells are similar. We give below, for each left 
cell r, both Irj = dim, M(r) and the character xi mi xi of W afforded by 
Pr.1. 
COXETERGROUPOFTYPE H, 
IGIl= 1: XI, 
IG:l = 1: x2, 
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IFA = 8 
IF*\ =8 
lE;l = 18 
IE:‘I = 18 
1 D;l = 32 
ID,?I = 32 
/C,I = 25 
\cp\ = 25 
(B,l = 36 
IB;I = 36 
IA,1 =326 
IAil = 392 
(Ai\ =436 
(1 <i<4): x3+x5, 
(1 <i64): x4+x6, 
(1 <i69): xl1 +x13, 
(1 <i69): x,2+x,4, 
(1 6iG16): xls+x2o, 
(1 <i6 16): xzl +xlg, 
(1 <i<25): x27? 
(1 d id25): xrs, 
(1 did36): x31, 
(1 d i< 36): x32, 
(16i68): ~26+~25+~24+~23+~9+~10+~22 
+ X29 + X30 + X33 + 2x34, 
t9did18): ~26+~25+~24+~23+~15+~l6+~17 
+ x22 + x29 + 130 + 2h + 2x34, 
~~~d~~~~~:x26+x2s+x24+x23+x7+x8+xl6 
+ X17 + 2x29 + 2X30 + 2X33 + 2x34. 
Therefore, the pr,, are the cells of W, and the proof of 3.5 is complete.’ 
If M is an H-module, we call Ci m,(M) the number of irreducible com- 
ponents of M. The following result has been proved for classical Weyl 
groups by Lusztig [6, 12.171. In the present case, it follows from our 
knowledge of the multiplicities mi(M(f)) and a case by case count of the 
number of involutions in I-. 
PROPOSITION 3.6. If r is a left cell of W, then the number of irreducible 
components of M(f) is equal to the number of involutions in IY 
Let w E W. We say w is a quasi-involution if w E r n rP ’ for some left 
cell r of W. Clearly involutions are quasi-involutions. By 3.4 and 3.6, 
l-n P ’ consists entirely of involutions if and only if M(T) is multiplicity- 
’ Note added in proof Lusztig has proved that 3.5 holds for any linite Weyl group in the 
paper “Sur les cellules gauches des groupes de Weyl,” C. R. Acad. SC. Paris, I302 (1986), 5-8. 
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free (i.e., m,(M(T))< 1 for all i). Thus if T=A, (1 < i<24), then TnT ’ 
contains quasi-involutions which are not involutions. There are 104 quasi- 
involutions in A = U A, which are not involutions. Of these, 100 have order 
20, and 4 have order 30. 
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